In this article, linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations are solved by variational iteration method and homotopy perturbation method. The fractional derivatives are described in the Caputo sense. The solutions of both problems are derived by infinite convergent series which are easily computable and then graphical representation shows that both methods are most effective and convenient one to solve linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations.
Introduction
In recent years various analytical and numerical methods have been applied for the approximate solutions of fractional differential equations (FDEs). Since exact solutions of most of the fractional differential equations do not exist, approximation and numerical methods are used for the solutions of the FDEs. He [1] [2] [3] [4] was the first to propose the variational iteration method (VIM) and homotopy perturbation method (HPM) for finding the solutions of linear and nonlinear problems. VIM is based on Lagrange multiplier and HPM is a coupling of the traditional perturbation method and homotopy in topology. These methods have been successfully applied by many authors [3, [5] [6] [7] [8] [9] [10] for finding the analytical approximate solutions as well as numerical approximate solutions of functional equations which arise in scientific and engineering problems. The main feature for the use of VIM and HPM is that they can overcome the difficulties which arise in the Adomian decomposition method during computations of Adomian polynomials; see [8] .
Many physical phenomena [11] [12] [13] [14] [15] can be modeled by fractional differential equations which have diverse applications in various physical processes such as acoustics, electromagnetism, control theory, robotics, viscoelastic materials, diffusion, edge detection, turbulence, signal processing, anomalous diffusion and fractured media. Momani and Aslam Noor [16] established the implementation of ADM to derive analytic approximate solutions of the linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations.
The purpose of this article is to extend the analysis of VIM and HPM to construct the approximate solutions of the following linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations
[g(t)y(t) + h(t)F (y(t))]dt 0 < x < b, 3 < α ≤ 4
(1) subject to the following boundary conditions: where D α is the fractional derivative in the Caputo sense and F (y(x)) is any nonlinear function, γ , γ 0 , γ 2 , β 0 and β 2 are real constants and f , g and h are given and can be approximated by Taylor polynomials.
Basic definitions
In this section, we give some basic definitions and properties of fractional calculus theory which are further used in this article.
Definition 1.
A real function f (x), x > 0 is said to be in space C µ , µ ∈ R if there exists a real number p > µ, such that f (t) = t p f 1 (t), where f 1 (t) ∈ C (0, ∞), and it is said to be in the space C n µ if and only if f n ∈ C µ , n ∈ N.
Definition 2. The Riemann-Liouville fractional integral operator of order α > 0, of a function f ∈ C µ , µ ≥ −1, is defined
Some properties of the operator J α , which are needed here, are as follows:
For f ∈ C µ , µ ≥ −1, α, β ≥ 0 and γ ≥ −1:
Definition 3. The fractional derivative of f (t) in the Caputo sense is defined as
µ , µ ≥ −1, then the following two properties hold:
Analysis of VIM
To illustrate the basic concepts of variational iteration method, consider the fractional differential equation (1) with boundary conditions (2)-(3).
According to the variational iteration method, we can construct the correction functional for Eq. (1) as:
where J β is the Riemann-Liouville fractional integral operator of order β = α + 1 − m, λ is a general Lagrange multiplier andỹ k denotes restricted variation i.e. δỹ k = 0.
We make some approximation for the identification of an approximate Lagrange multiplier, so the correctional functional (7) can be approximately expressed as:
Making the above correction functional stationary, we obtain the following stationary conditions:
This gives the following Lagrange multiplier
We obtain the following iteration formula by substitution of (9) into functional (7),
This yields the following iteration formula:
The initial approximation y 0 can be chosen by the following way which satisfies initial conditions (2):
where γ 1 = y ′ (0) and γ 3 = y ′′′ (0) are to be determined by applying suitable boundary conditions (3).
We can obtain the following first-order approximation by substitution of (11) into (10):
Similarly, we can obtain the higher-order approximations. If Nth-order approximate is enough, then imposing boundary conditions (3) in Nth-order approximation yields the following system of equations:
From Eqs. (13)- (14), we can find the unknowns γ 1 = y ′ (0) and γ 3 = y ′′′ (0). Substituting the constant values of γ 1 and γ 3 in
Nth-order approximation results the approximate solution of (1)-(3).
Analysis of HPM
To illustrate the basic concepts of HPM for fractional integro-differential equations, consider the fractional differential equation (1) with boundary conditions (2)- (3).
In view of HPM [3, 4] , construct the following homotopy for Eq. (1):
where p ∈ [0, 1] is an embedding parameter. If p = 0, then Eq. (16) becomes a linear equation,
and when p = 1, then Eq. (16) turns out to be the original Eq. (1).
In view of basic assumption of homotopy perturbation method, solution of Eq. (1) can be expressed as a power series in p:
Setting p = 1 in (18) results the approximate solution of Eq. (1):
The convergence of series (19) has been proved in [17] . Substitution (18) into (16), then equating the terms with identical power of p, we obtain the following series of linear equations:
. . .
where the functions F 1 , F 2 , . . . satisfy the following condition:
From Eq. (20), the initial approximation can be chosen in the following way:
Eqs. (20)- (23) can be solved by applying the operator J α , which is the inverse of the operator D α and then by simple computation, we approximate the series solution of HPM by the following N-term truncated series:
Note that in expression (24), constants γ 1 and γ 3 are undetermined. By imposing boundary conditions (3) in (24), we get the following system of equations
From Eqs. (25)- (26), we can find the unknowns γ 1 and γ 3 . Substituting the constant values of γ 1 and γ 3 in expression (24) results the approximate solution of (1)-(3).
Applications
In this section we have applied variational iteration method and homotopy perturbation method to fourth-order linear and nonlinear fractional integro-differential equations with a known exact solution at α = 4.
Example 1.
Consider the following linear fourth-order fractional integro-differential equation:
subject to the following boundary conditions:
For α = 4, the exact solution of problem (27)- (29) is
According to variational iteration method, the iteration formula (10) for Eq. (27) can be expressed in the following form:
In order to avoid difficult fractional integration, we can take the truncated Taylor expansion for the exponential term in (30): e.g., e
x ∼ 1 + x + x 2 /2 + x 3 /6 and assume that an initial approximation has the following form which satisfies the initial conditions (28):
where A = y ′ (0) and B = y ′′′ (0) are unknowns to be determined. Now, by iteration formula (30), first-order approximation takes the following form:
By imposing boundary conditions (29) in y 1 (x), we obtain represent the values of y 1 (x) at α = 3.75, α = 3.5 and α = 3.25, respectively (see Fig. 2 ). According to HPM, we construct the following homotopy:
Substitution of (18) into (33) and then equating the terms with same powers of p yield the following series of linear equations:
Applying the operator J α to the above series of linear equations and using initial conditions (28), we get;
where A = y ′ (0) and B = y ′′′ (0) are to be determined.
In order to avoid difficult fractional integration, we can take the truncated Taylor expansions for the exponential term in (39)-(40): e.g., e x ∼ 1 + x + x 2 /2 + x 3 /6. Thus, by solving Eqs. (38)- (40), we obtain y 1 , y 2 , . . . e.g.:
Now, we can form the 2-term approximation
where A and B can be determined by imposing boundary conditions (29) on φ 2 . Table 2 shows the values of A and B for different values of α. In Fig. 3 , we draw absolute error functions In Figs. 4a-4c , we compare the approximate solutions obtained by VIM and HPM with an exact solution, and it is clear from Figs. 4a-4c that the approximate solutions are in good agreement with an exact solution of (27)-(29) at α = 4, α = 3.8 and α = 3.2. Also it is to be noted that the accuracy can be improved by computing more terms of approximated solutions and/or by taking more terms in the Taylor expansion for the exponential term. Example 2. Consider the following nonlinear fourth-order fractional integro-differential equation:
For α = 4, the exact solution of the above problem (44)-(46) is
According to the variational iteration method, iteration formula (10) for Eq. (44) can be expressed in the following form:
In order to avoid difficult fractional integration, we can take the truncated Taylor expansion for the exponential term in (47): e.g., e
and assume that an initial approximation has the following form which satisfies the initial conditions (45):
where A = y ′ (0) and B = y ′′′ (0) are unknowns to be determined. Now, by iteration formula (47), the first-order approximation takes the following form:
 .
By imposing boundary conditions (46) in y 1 (x), we obtain In Fig. 5 , we draw absolute error functions E 7 (x) = |e (44)- (46) and y 1,3.75 , y 1,3.5 and y 1,3.25 represent the values of y 1 (x) at α = 3.75, α = 3.5 and α = 3.25, respectively (see Fig. 6 ). Now, we solve Eqs. (44)-(46) by homotopy perturbation method. According to HPM, we construct the following homotopy:
Substitution of (18) into (50) and then equating the terms with same powers of p yield the following series of linear equations:
. . . Applying the operator J α to the above series of linear equations and using initial conditions (45), we get;
In order to avoid difficult fractional integration, we can take the truncated Taylor expansions for the exponential term in (56)- (58) 
Now, we can form the 2-term approximation where A and B can be determined by imposing boundary conditions (46) on φ 2 . Table 4 shows the values of A and B for different values of α. In Fig. 7 , we draw absolute error functions, E 10 (x) = |e Figs. 8a-8c , we compare the approximate solutions obtained by VIM and HPM with an exact solution, and it is clear from Figs. 8a-8c that the approximate solutions are in good agreement with an exact solution of (44)-(46) at α = 4, α = 3.8 and α = 3.2. Also it is to be noted that the accuracy can be improved by computing more terms of approximated solutions and/or by taking more terms in the Taylor expansion for the exponential term.
Conclusion
In this article, variational iteration method (VIM) and homotopy perturbation method (HPM) have been successfully applied to linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations. Two examples are presented to illustrate the accuracy of the present schemes of VIM and HPM. Comparisons of VIM and HPM with exact solution have been shown by graphs and absolute error functions are plotted which show the efficiency of the methods.
